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Abstract
We prove that the ring of differential operators of a scored
semigroup algebra and its graded algebra with respect to order (of









$\lceil_{\mathrm{s}\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{d}\rfloor}$ (\S 6 )












$\mathrm{N}A$ $A$ monoid $R:=R_{A}$
Laurent $\mathrm{C}[t_{1}^{\pm 1}, \ldots, t_{d}^{\pm 1}]$
$\mathrm{N}A=\mathrm{N}\mathrm{a}_{1}+\cdots+\mathrm{N}\mathrm{a}_{n}$ ,
$R:=R_{A}$ $:=$ $\mathrm{C}[\mathrm{N}A]$
$=$ $\mathrm{C}[t^{\mathrm{a}_{1}}, \ldots, t^{\mathrm{a}_{\mathfrak{n}}}]$
$\subset$ $\mathrm{C}[t_{1}^{\pm 1}, \ldots, t_{d}^{\pm 1}]=\mathrm{C}[\mathrm{Z}^{d}]=:\mathrm{C}[t^{\pm 1}]$
multi-index notation $t^{\mathrm{a}_{j}}=t_{1}^{a_{1j}}\cdots t_{d}^{a_{\phi}}$
.
$\mathcal{F}$
$\mathrm{R}_{\geq 0}A$ facet( 1 ) $\sigma\in F$
h $\mathrm{R}^{d}$ 1 :
1. $h_{\sigma}(\mathrm{R}_{\geq 0}A)\geq 0$ ,
2. $h_{\sigma}(\sigma)=0$ ,
3. $h_{\sigma}(\mathrm{Z}^{d})=\mathrm{Z}$ .
$A=\{\mathrm{a}_{1}, \mathrm{a}_{2}, \ldots, \mathrm{a}_{n}\}$ $A=(\mathrm{a}_{1}, \mathrm{a}_{2}, \ldots, \mathrm{a}_{n})$
2.1 $d=n=1,$ $A=(1)$ . $\mathcal{F}=\{0\}$ $h_{\{0\}}(\theta)=\theta$
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$A=(\mathrm{a}_{1}, \mathrm{a}_{2}, \mathrm{a}_{3}, \mathrm{a}_{4})=(\begin{array}{lll}1 0 010 1 010 0 1-1\end{array})$
$\mathcal{F}=\{\begin{array}{ll}\sigma_{23}=\mathrm{R}_{\geq 0}\mathrm{a}_{2}+\mathrm{R}_{\geq 0}\mathrm{a}_{3} \sigma_{24}=\mathrm{R}_{\geq 0}\mathrm{a}_{2}+.\mathrm{R}_{\geq 0}\mathrm{a}_{4}\sigma_{13}=\mathrm{R}_{\geq 0}\mathrm{a}_{1}+\mathrm{R}_{\geq 0}\mathrm{a}_{3} \sigma_{14}=\mathrm{R}_{\geq 0}\mathrm{a}_{1}+\mathrm{R}_{\geq 0}\mathrm{a}_{4}\end{array}\}$.
$h_{\sigma_{23}}(\theta)=\theta_{1},$ $h_{\sigma_{24}}(\theta)=\theta_{1}+\theta_{3},$ $h_{\sigma_{13}}(\theta)=\theta_{2},$ $h_{\sigma_{14}}(\theta)=\theta_{2}+\theta_{3}$ .
Laurent $\mathrm{C}[t^{\pm 1}]=\mathrm{C}[t_{1}^{\pm 1}, \ldots, t_{d}^{\pm 1}]$ $D(\mathrm{C}[t^{\pm 1}])$





$D(\mathrm{C}[t^{\pm 1}])=\mathrm{C}\langle t_{1}^{\pm 1}, \ldots, t_{d}^{\pm 1}, \partial_{1}, \ldots, \partial_{d}\rangle$ (1)
$[\partial_{i}, t_{j}]=\delta_{1j}.$ , $[\partial_{1}., t_{j}^{-1}]=-\delta_{1j}.t_{j}^{-2}$ $(i,j=1, \ldots, d)$ (2)
$P\in D(\mathrm{C}[t^{\pm 1}])$ Laurent $\mathrm{C}[t^{\pm 1}]$
f\in R $P(f)\in \mathrm{C}[t^{\pm 1}]$ $R=R_{A}$
$D(R)$ $R$ $P\in D(\mathrm{C}[t^{\pm 1}])$
$D(\mathrm{C}[t^{\pm 1}])$ :
$D(R):=\{P\in D(\mathrm{C}[t^{\pm 1}]) : P(R)\subset R\}$ (3)
2.3 ( 2.1 ) $d=n=1,$ $A=(1)$ . $R$
$\mathrm{C}[t]$ $D(R)$ Weyl $\mathrm{C}\langle t, \partial_{t}\rangle$
3Order Filtration
$P= \sum_{\alpha}a_{\alpha}(t)\partial^{\alpha}(a_{\alpha}\in \mathrm{C}[t^{\pm 1}])$ $m$ (of order $m$)
$a_{\alpha}$ . $=0$ (for all $\alpha$ with $|\alpha|>m$) $a_{\alpha}\neq 0$ (for some $\alpha$ with
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$|\alpha|=m)$ $|\alpha|=\alpha_{1}+\cdots+\alpha_{d}(\alpha=(\cdot\alpha_{1}, \ldots, \alpha_{d}))_{\text{ }}$
$F_{m}$ $m$ :
$F_{m}(D(\mathrm{C}[t^{\pm 1}]))$ $=$
$\{ \sum_{|\alpha|\leq m}a_{\alpha}(t)\partial^{\alpha} : a_{\alpha}\in \mathrm{C}[t^{\pm 1}]\}$
(4)
$F_{m}(D(R))$ $=$ $D(R)\cap F_{m}(D(\mathrm{C}[t^{\pm 1}]))$ $\backslash (5)$
$F_{m}(D(R))=0$ (m<0) $F_{0}$ (D(R))=R
$F_{m}(D(\mathrm{C}[t^{\pm 1}]))=\oplus \mathrm{C}[t^{\pm 1}]\partial^{\alpha}$
$|\alpha|\leq m$
$F$
1. $F_{m}(D(R))\subset F_{m+1}(D(R))$ $(\forall m)$ ,
2. $F_{m}(D(R))F_{k}(D(R))\subset F_{m+k}(D(R))$ $(\forall m, k)$ ,
3. $D(R)= \bigcup_{m}F_{m}(D(R))$ ,
4. $F_{m}(D(R))$ $R$
$F$ $D(R)$ order ffltration
ffltration :
$G\mathrm{r}(D(R)):=\mathrm{G}\mathrm{r}^{F}(D(R)):=\oplus F_{m}(D(R))/F_{m-1}(D(R))m\in \mathrm{N}$ (6)
$G\mathrm{r}(D(R))$ $\mathrm{G}\mathrm{r}(D(\mathrm{C}[t^{\pm 1}]))=\mathrm{C}[t_{1}^{\pm 1}, \ldots, t_{d}^{5}, \xi_{1}\pm 1, \ldots, \xi_{d}]$
$\xi_{i}$
$i$
3.1 $t_{i}^{\pm}$ weight 0, $\partial_{i}$ weight 1 $\mathrm{G}\mathrm{r}^{F}$ $P=$
$\sum_{\alpha}a_{\alpha}(t)\partial^{\alpha}\in F_{m}\backslash F_{m-1}$ initial part $\mathrm{i}\mathrm{n}(0,1)(P)=\sum_{|\alpha|_{arrow}^{-}m}.a_{\alpha}(t.\cdot)\xi^{\alpha}$.
$\partial_{i}t_{i}=t_{i}\partial_{i}+1$ $\text{ }.-$ initial
part $\xi_{i}t_{i}--t_{i}\xi_{i}$ $\mathrm{G}\mathrm{r}^{F}$ I




41 $D(R_{A})$ $\mathrm{C}$ ?











46 $\mathrm{G}\mathrm{r}(D(R_{A}))$ $\mathrm{C}$ \Leftrightarrow $\mathrm{N}A$ scored
scored \S 6 41, 42 open 46
47 $\mathrm{N}A$ scored $D(R_{A})$ $\mathrm{C}$
46 47 88 89 \S 8
5Weight
$D(R_{A})$ Jones
5.1 $\theta::=t:\partial_{\dot{\iota}}\in D(R_{A})(i=1, \ldots, d)$ .
. $\theta_{:}(t^{\mathrm{a}_{\mathrm{j}}}).=\theta:(t_{1}^{a_{1j}}\cdots t_{d}^{a_{d}}|.)=a_{\dot{l}j}t^{\mathrm{a}_{j}}$ $\theta_{:}(R_{A})\subset R_{A}$
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$\mathrm{b}={}^{t}(b_{1}, \ldots, b_{d})\in \mathrm{Z}^{d}$ weight space $D(R)_{\mathrm{b}}$
$D(R)_{\mathrm{b}}:=\{P\in D(R) : [\theta:, P]=b:P (i=1, \ldots, d)\}$
$[\theta_{\dot{l}}, P]:=\theta:P-P\theta$: $t^{\mathrm{a}_{j}}$ weight
$\mathrm{a}_{j}$




$\mathrm{N}A=\mathrm{Z}A=\mathrm{Z}^{d}$ $R_{A}$ Laurent $\mathrm{C}[t^{\pm 1}]=$
$\mathrm{C}[t_{1}^{\pm 1}, \ldots, t_{d}^{\pm 1}]$
$D(\mathrm{C}[t^{\pm 1}])$ $=$ $\mathrm{C}\langle t_{1}^{\pm 1}, \ldots, t_{d}^{\pm 1}, \partial_{1}, \ldots, \partial_{d}\rangle$
$=$ $\mathrm{C}\langle t_{1}^{\pm 1}, \ldots, t_{d}^{\pm 1}, \theta_{1}, \ldots, \theta_{d}\rangle$
$D(\mathrm{C}[t^{\pm 1}])_{\mathrm{b}}=t^{\mathrm{b}}\mathrm{C}[\theta]$ (8)
$\mathrm{C}[\theta]:=\mathrm{C}[\theta_{1}, \ldots, \theta_{d}]$
Jones $\mathrm{b}\in \mathrm{Z}^{d}$ $\mathrm{N}A$
$\Omega(\mathrm{b})$
$\Omega(\mathrm{b})=\{\mathrm{a}\in \mathrm{N}A : \mathrm{a}+\mathrm{b}\not\in \mathrm{N}A\}$
52(Jones [3], Theorem 33.1 in [5])
$D(R_{A})=\oplus D(R_{A})_{\mathrm{b}}=\oplus t^{\mathrm{b}}\mathrm{I}(\Omega(\mathrm{b}))\mathrm{b}\in \mathrm{Z}^{d}\mathrm{b}\in \mathrm{Z}^{d}$
.
$\mathrm{I}(\Omega(\mathrm{b})):=\{P\in \mathrm{C}[\theta] : P(\mathrm{c})=0 (\forall \mathrm{c}\in\Omega_{\mathrm{b}})\}$
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$\Leftrightarrow$ $(\mathrm{c}\in \mathrm{N}A, \mathrm{b}+\mathrm{c}\not\in \mathrm{N}A\Rightarrow P(\mathrm{c})=0)$
$\Leftrightarrow$ ( $P(\mathrm{c})=0$ for $\forall \mathrm{c}\in\Omega_{\mathrm{b}}$ )
$[$
53( 2.1 ) $\mathrm{N}A=\mathrm{N}$ $R$
$\mathrm{C}[t]$ $D(R)$ Weyl $\mathrm{C}\langle t, \partial_{t}\rangle$
Jones $\text{ }$ $b\in \mathrm{Z}$ $\Omega_{b}$ $D(R)_{b}$
$b\in \mathrm{N}$ $\Omega_{b}=\mathrm{N}\backslash (-b+\mathrm{N})=\emptyset$ $\mathrm{I}(\Omega(b))=\mathrm{C}[\theta]$
$D(R)_{b}=t^{b}\mathrm{C}[\theta]$ $(b\in \mathrm{N})$ .







$\mathrm{N}A$ scored ( : )
([5]) : $\sigma\in \mathcal{F}$ $\mathrm{N}\backslash h_{\sigma}(\mathrm{N}A)$
$\mathrm{N}A=\cap\{\mathrm{a}\in \mathrm{Z}^{d}\sigma\in \mathcal{F} : h_{\sigma}(\mathrm{a})\in h_{\sigma}(\mathrm{N}A)\}$ . (9)
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$\mathrm{N}A$ $\mathrm{R}_{\geq 0}A$ $\mathrm{R}_{\geq 0}A\cap \mathrm{Z}^{d}\hslash>$ facets
( scored
6.1 scored ( $\mathrm{N}A$ $\mathrm{R}_{\geq 0}A$
$\mathrm{R}_{\geq 0}A\cap \mathrm{Z}^{d}$ ) 0
62
$A_{1}=(\begin{array}{lll}1 1 10 2 3\end{array})$ , $A_{2}=(\begin{array}{lll}1 2 21 0 1\end{array})$ .
$\sigma_{3}$ $\sigma_{1}$
$\sigma_{1}$
1: $\mathrm{N}A_{1}$ (scored ), )
6.2 Scored Cohen-IVIacaulay






. $\mathrm{N}A$ scored $\sigma\in F$
$\mathrm{N}A+\mathrm{Z}(A\cap\sigma)=$ {a $\in \mathrm{Z}^{d}$ : $h_{\sigma}(\mathrm{a})\in h_{\sigma}(\mathrm{N}A)$ } (10)
(10) $”\subset$ ” h $”\supset$”
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$\mathrm{a}\in \mathrm{Z}^{d}$ 6\supset $h_{\sigma}(\mathrm{a})\in h_{\sigma}(\mathrm{N}A)$ $\sigma$ $\sigma’\in F$
$*\cdot\not\in\sigma$’ $\mathrm{a}_{\dot{\iota}}\in\sigma$ $\in A$ $h_{\sigma’}(\Re.)>0$ $\mathrm{N}\backslash h_{\sigma’}(\mathrm{N}A)$
h,,(a+m )\in h\sigma ’(NA) $m_{i}\in \mathrm{N}$
$\sigma$
$\sigma’\in \mathcal{F}$
$h_{\sigma’}(\mathrm{a}+\mathrm{b})\in h_{\sigma’}(\mathrm{N}A)$ $(\forall\sigma’\in F\backslash \{\sigma\})$
$\mathrm{b}\in \mathrm{N}(A\cap\sigma)$
$h_{\sigma}(\mathrm{a}+\mathrm{b})=h_{\sigma}(\mathrm{a})\in h_{\sigma}(\mathrm{N}A)$
$\mathrm{N}A$ scored $\mathrm{a}+\mathrm{b}\in \mathrm{N}A$
$\mathrm{a}\in \mathrm{N}A+\mathrm{Z}(A\cap\sigma)$ $[$
6.4 62 $A_{1},$ $A_{2}$ (S2) Cohen-Macaulay
$A_{2}$ Cohen-Macaulay scored
65 62 $A_{1}$ 2 :
$A_{3}=(\begin{array}{llllll}1 \mathrm{l} 1 1 1 10 2 3 0 2 30 0 0 \mathrm{l} 1 1\end{array})$
scored Cohen-Macaulay ([7])
7Weight (Scored Semigroups)
scored semigroup $\mathrm{N}A$ $D(R_{A})$
weight space Jones
$\mathrm{N}A$ scored
$\mathrm{N}\backslash h_{\sigma}(\mathrm{N}A)=\{c(\sigma)_{1}<\cdots<c(\sigma)_{m(\sigma)}\}$ . (11)
$c(\sigma)_{1}>0$












721. $h_{\sigma}(\mathrm{b})=0$ $d_{\sigma}(\mathrm{b})--0$ .
2. $h_{\sigma}(\mathrm{b})>c(\sigma)_{m(\sigma)}$ $d_{\sigma}(\mathrm{b})=0$ .
3. $h_{\sigma}(\mathrm{b})<-c(\sigma)_{m(\sigma)}$
$h_{\sigma}(\mathrm{N}A)\backslash (-h_{\sigma}(\mathrm{b})+h_{\sigma}(\mathrm{N}A))$
$=(\{n\in \mathrm{N} : n<-h_{\sigma}(\mathrm{b})\}\backslash \{c(\sigma)_{1}, \ldots, c(\sigma)_{m(\sigma)}\})$





$\ovalbox{\tt\small REJECT}=\prod_{\sigma\in \mathcal{F}}\prod_{m\in h_{\sigma}(\mathrm{N}A)\backslash (-h_{\sigma}(\mathrm{b})+h_{\sigma}(\mathrm{N}A))}(h_{\sigma}(\theta)-m)$
. (15)
. $\mathrm{N}A$ scored $\mathrm{a}\in\Omega(\mathrm{b})$ $h_{\sigma}(\mathrm{a})\in h_{\sigma}(\mathrm{N}A)$ for


















scored $\mathrm{N}A$ $D(R_{A}),$ $\mathrm{G}\mathrm{r}(D(R_{A}))$
$\mathrm{N}A$ score
( ) $\mathrm{Z}^{d}$
$\mathrm{R}_{\geq 0}A$ ( $\mathrm{R}_{\geq 0}A$ 0
)
$\tau=\mathrm{R}_{\geq 0}\mathrm{v}_{\tau}$ $A$ configuration ray $\mathrm{v}_{\tau}$
$\mathrm{R}\tau$ $(h_{\sigma}=0)(\sigma\in F)$
Ray(A) $A$ configuration
ray ray $\tau\in \mathrm{R}\mathrm{a}\mathrm{y}(A)$ $\mathrm{u}_{\tau}$ $\tau\cap \mathrm{Z}^{d}$
facet $\sigma\in F$
1. $h_{\sigma}(\mathrm{u}_{\tau})\geq M$ if $h_{\sigma}(\mathrm{v}_{\tau})>0$ ,
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2. $h_{\sigma}(\mathrm{u}_{\tau})=0$ if $h_{\sigma}(\mathrm{v}_{\tau})=0$ ,
3. $h_{\sigma}(\mathrm{u}_{\tau})\leq-M$ if $h_{\sigma}(\mathrm{v}_{\tau})<0$ .
( $\mathrm{u}_{\tau}$ “ ”
)
8.1( 22 )




$(h_{\sigma_{23}}=0)\cap(h_{\sigma_{14}}=0)$ $=$ $\mathrm{R}^{t}(0,1, -1)$
$(h_{\sigma_{13}}=0)\cap(h_{\sigma_{24}}=0)$ $=$ $\mathrm{R}^{t}(1,0, -1)$
$(h_{\sigma_{13}}=0)\cap(h_{\sigma_{14}}=0)$ $=$ $\mathrm{R}^{t}(1,0,0)$
$(h_{\sigma_{24}}=0)\cap(h_{\sigma_{14}}=0)$ $=$ $\mathrm{R}^{t}(1,1, -1)$
$\{\mathrm{u}_{\tau} : \tau\in \mathrm{R}\mathrm{a}\mathrm{y}(A)\}$
$\{\begin{array}{lll}\pm^{t}(0,0,1) \pm^{t}(0,1,0) \pm^{t}(0,1,-1)\pm^{t}(1,0,-1) \pm^{t}(1,0,0) \pm^{t}(1,1,-1)\end{array}\}$
$\{\mathrm{u}_{\tau} : \tau\in \mathrm{R}\mathrm{a}\mathrm{y}(A)\}$ [
{ $\pm \mathrm{v}$ : $\mathrm{v}$ spans $a$ 1-dimensional face of $\mathrm{R}_{\geq 0}A$ }.
$\nu$
$\mathcal{F}$
$\tilde{M}:=\{-\infty\}\cup\{\infty\}\cup\{m\in \mathrm{Z} : |m|<M\}$
$\mathrm{Z}^{d}$
$S_{\nu}$
$S_{\nu}:=$ { $\mathrm{b}\in \mathrm{Z}^{d}$ : $h_{\sigma}(\mathrm{b})=\nu(\sigma)$ for all $\sigma\in F$ } (18)
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$S_{\nu,\mathrm{R}}:=$ { $\mathrm{b}\in \mathrm{R}^{d}$ : $h_{\sigma}(\mathrm{b})=\nu(\sigma)$ for all $\sigma\in F$ }, (20)
$C_{\nu,\mathrm{R}}:=\{\begin{array}{lllll} h_{\sigma}(\mathrm{b})=0 \mathrm{i}\mathrm{f}\nu(\sigma)\neq \pm\infty\mathrm{b}\in \mathrm{R}^{d} h_{\sigma}(\mathrm{b})\geq 0 \mathrm{i}\mathrm{f}\nu(\sigma)=\infty . h_{\sigma}(\mathrm{b})\leq 0 \mathrm{i}\mathrm{f}\nu(\sigma)= -\infty\end{array}\}$ , (21)





. (convex polyhedron) $P$
$\{y : x+y\in P (\forall x\in P)\}$
$P$ characteristic cone ( recession cone) $C_{\nu,\mathrm{R}}$ $S_{\nu,\mathrm{R}}$
characteristic cone
[6, \S 8.9 (28)] $[$
8.3




84 $S_{\nu}$ $C_{\nu}$ - $\mathrm{v}_{1},$ $\ldots,$ $\mathrm{v}_{r}\in S_{\nu}$
$S_{\nu}= \bigcup_{j=1}^{r}((\mathrm{N}C_{\nu})+\mathrm{v}_{j})$ $\mathrm{N}C_{\nu}=\sum_{\mathrm{u}\in C_{\nu}}$ Nu.
.
$G_{\nu}:=( \{ \sum_{\mathrm{u}\in C_{\nu}}a_{\mathrm{u}}\mathrm{u} : 0\leq a_{\mathrm{u}}<1\}+\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}(V_{\nu})$) $\cap \mathrm{Z}^{d}$ . (26)
$G_{\nu}$ $G_{\nu}=\{\mathrm{v}_{1}, \ldots, \mathrm{v}_{r}\}$
$S_{\nu} \supset\bigcup_{j=1}^{r}((\mathrm{N}C_{\nu})+\mathrm{v}_{j})$
$\mathrm{v}\in S_{\nu}$ 82 83 $c_{\mathrm{u}}\in \mathrm{R}_{\geq 0}$
$\mathrm{w}\in V_{\nu}$ $\mathrm{v}=\sum_{\mathrm{u}\in C_{\nu}}c_{\mathrm{u}}\mathrm{u}+\mathrm{w}$









$S_{\nu_{1}}$ $=$ $\{\mathrm{b}\in \mathrm{Z}^{3} : b_{1}\geq 0, b_{2}\geq 0, b_{2}+b_{3}\geq 0, b_{1}+b_{3}\leq 0\}$
$=$ $\{\mathrm{b}\in \mathrm{Z}^{3} : b_{1}\geq 0, b_{2}+b_{3}\geq 0, b_{1}+b_{3}\leq 0\}$,





86( 6.1 $A_{1}$ )
$A_{1}=(\mathrm{a}_{1}, \mathrm{a}_{2},\mathrm{a}_{3})=(\begin{array}{lll}1 1 10 2 3\end{array})$ .
$F=\{\sigma_{1}=\mathrm{R}_{\geq 0}\mathrm{a}_{1}, \sigma_{3}=\mathrm{R}_{\geq 0}\mathrm{a}_{3}\}$ ,
$h_{\sigma_{1}}(\theta)=\theta_{2},$ $h_{\sigma\epsilon}(\theta)=3\theta-\theta_{2}$
$\mathrm{N}\backslash h_{\sigma_{1}}(\mathrm{N}A_{1})=\{1\}$ , $\mathrm{N}\backslash h_{\sigma_{3}}(\mathrm{N}A_{1})=\emptyset$
$M=2$ $\tilde{M}=\{\pm\infty\}\cup\{-1,0,1\}$ [




$S_{\nu_{1}}$ $=$ $\{\mathrm{b}\in \mathrm{Z}^{2} : b_{2}=1,3b_{1}-b_{2}=-1\}=$ $\{ {}^{t}(0,1)\}$ ,
$S_{\nu_{2}}$ $=$ $\{\mathrm{b}\in \mathrm{Z}^{2} : b_{2}=1,3b_{1}-b_{2}\leq-2\}$ ,
$C_{\nu_{1},\mathrm{R}}=$ $\{0\}$ , $C_{\nu_{1}}=\emptyset$ ,
$C_{\nu_{2},\mathrm{R}}=$ $\{\mathrm{b}\in \mathrm{R}^{2} : b_{2}=0,3b_{1}-b_{2}\leq 0\}$
$=$ $\{\mathrm{b}\in \mathrm{R}^{2} : b_{2}=0, b_{1}\leq 0\}$ , $C_{\nu_{2}}=\{-\mathrm{a}_{1}\}$ ,
$S_{\nu_{2},\mathrm{R}}=C_{\nu_{2},\mathrm{R}}+{}^{t}(-1/3,1)$ ,
$G_{\nu_{1}}$ $=$ $\{ {}^{t}(0,1)\}$
$G_{\nu_{2}}$ $=$ $\{-c\mathrm{a}_{1}+{}^{t}(-1/3,1)\in \mathrm{Z}^{2} : 0\leq c<1\}=$ $\{ {}^{t}(-1,1)\}$ ,
$S_{\nu_{2}}$ $=\mathrm{N}(-\mathrm{a}_{1})+{}^{t}(-1,1)$ .




$\ovalbox{\tt\small REJECT}=\prod_{\nu(\sigma)\neq+\infty}\prod_{m\in h_{\sigma}(\mathrm{N}A)\backslash (-h_{\sigma}(\mathrm{b})+h_{\sigma}(\mathrm{N}A))}(h_{\sigma}(\theta)-m)$
. (28)
$\nu(\sigma)\neq\pm.\infty$ $h_{\sigma}(\mathrm{u}_{\tau})=0$ $h_{\sigma}(\mathrm{b}+\mathrm{u}_{\tau})=h_{\sigma}(\mathrm{b})$ .
$\nu(\sigma)=\infty$ $h_{\sigma}(\mathrm{b}),$ $h_{\sigma}(\mathrm{u}_{\tau})\geq M$ $h_{\sigma}(\mathrm{b}+\mathrm{u}_{\tau})\geq M$ .
$\nu(\sigma)=-\infty$ 72(3)
$h_{\sigma}(\mathrm{N}A)\backslash (-h_{\sigma}(\mathrm{b}+\mathrm{u}_{\tau})+h_{\sigma}(\mathrm{N}A))$
$=(\{n\in \mathrm{N} : n<-h_{\sigma}(\mathrm{b}+\mathrm{u}_{\tau})\}\backslash \{c(\sigma)_{1}, \ldots, c(\sigma)_{m(\sigma)}\mathrm{i})$
$\prod\{-h_{\sigma}(\mathrm{b}+\mathrm{u}_{\tau})+c(\sigma)_{1}, \ldots, -h_{\sigma}(\mathrm{b}+\mathrm{u}_{\tau})+c(\sigma)_{m(\sigma)}\}$






88 $\mathrm{N}A$ scored $D(R_{A})$ $G\mathrm{r}(D(R_{A}))$
. 8.4 87 $D(R_{A})$ $\theta_{1},$ $\ldots,$ $\theta_{d}$
$t^{\mathrm{b}}P_{\mathrm{b}}( \mathrm{b}\in\bigcup_{\nu}(C_{\nu}\cup G_{\nu}))$ $G\mathrm{r}(D(R_{A}))$ $\overline{\theta}_{1},$ $\ldots$ , $\overline{\theta}_{d}$ $t^{\mathrm{b}}\overline{P}_{\mathrm{b}}$




. (1) Hilbert (2)
: $\{I_{n}\}_{n=1,2_{1}}\ldots$ $D(R_{A})$
$I_{n}$ ffltration $F$ $F_{m}(I_{n}):=F_{m}(D(R_{A}))\cap$
$I_{n}$ $\{\mathrm{G}\mathrm{r}(I_{n})\}$ $\mathrm{G}\mathrm{r}(D(R_{A}))$
(1) $\mathrm{G}\mathrm{r}(I_{N+k})=\mathrm{G}\mathrm{r}(I_{N})$ for all $k\in \mathrm{N}$ $N$
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